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Roth $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{e}- \mathrm{S}\mathrm{i}\mathrm{e}\mathrm{g}\mathrm{e}1- \mathrm{R}_{0}\mathrm{t}\mathrm{h}$




$Eq$ ( $p,$ $q\in \mathrm{Z},$ $q>0$ )
1 $\alpha-\frac{p}{q}|>\frac{c(\alpha)}{q^{d}}$
) [Schm 2] $\mathrm{p}$ . 114-115
1026 1998 89-103 89
$\alpha$ $d\underline{>}2$ $\mu>d$











A. Thue $\mathrm{C}.\mathrm{L}$ . Siegel, $\mathrm{F}.\mathrm{J}$ . Dyson, $\mathrm{A}.\mathrm{O}$ .
Gel’fond
[.Schm 2] p.115 Roth
$\alpha$ Roth [Schm
1], $\mathrm{p}.13$
2( $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{e}- \mathrm{S}\mathrm{i}\mathrm{e}\mathrm{g}\mathrm{e}1- \mathrm{R}_{0}\mathrm{t}\mathrm{h}$ Roth 1955)
$\alpha$ $d\geq 2$ $\epsilon_{\text{ }}c.\text{ _{ } }$




2 [R] [Schm 2] $\mathrm{p}.121- 150\text{ }$
[Schm 1] p.16-21 [Schm 3] P.39-41 Roth Lemma







2 ( $q$ ) Roth $2+\epsilon$
Dirichlet (M. Cugiani
[Schm 1], p.13) $2+\epsilon$ Thue, Siegel, Dyson, Gel’fond
$\alpha$







Baker $\mathrm{N}.\mathrm{I}$ . Fel’dman
( Thue
) Thue 2
$d\geq 3_{\text{ }}m\neq 0$
$(X-\alpha_{1}\mathrm{Y})$ $\cdots(x-\alpha_{d}\mathrm{Y})=m\cdot\cdot/\cdots\cdot(1)$
$\alpha_{1},$ $\cdots,$ $\alpha_{d}$ :
$X,$ $\mathrm{Y}\in \mathrm{Z}$ $Y=0$
$\mathrm{Y}\neq 0$ $\mathrm{Y}^{d}$













2 $C= \frac{|m|}{\gamma^{d-1}}\text{ }\epsilon=d-2$ $|Y|\geq A$
$X,$ $\mathrm{Y}\in \mathrm{Z}$ $A$ $m,$ $d,$ $\alpha$
$|Y|<A$ $\mathrm{Y}\in \mathrm{Z}$ ( $X\in \mathrm{Z}$ )
Roth
Thue Thue ineffecttive
$X,$ $\mathrm{Y}\in \mathrm{Z}$ Baker
effective 1967 efffective
$\max(|X|, |\mathrm{Y}|)\leq\exp((dH)(10d)^{\mathrm{s}})$
( $H$ $m$ (1) )
( $\mathrm{W}.\mathrm{M}$ . Schmidt Siegel )
effective version
efffective Roth








$M(K)$ $K$ non-equivalent place $|\cdot|_{v}$ $v\in M(K)$
$M_{\infty}(K)$ $K$
Archimedean place
$M_{\infty}(K)\subset S\subset M(K)$ $S$ $s=\# S$ $\mathit{0}_{s}$ $S$
$Os=$ { $x\in K|v(x)\geq 0$ forall $v\in M(K)-s$} $\text{ }$ Us
$S$ $U_{S}=\{x\in K|v(x)=0$ forall $v\in M(K)-^{s\}}$
o $K_{v}$ $|\cdot|_{v}$ $K$ local degree $D_{v}=[K_{v}$ : $\mathrm{Q}_{v}|$
$P=(a_{0}, \cdots, a_{n})\in \mathrm{p}_{n}(K)$ , $P$ $h(P)$
$h(P)= \frac{1}{D}$ $\sum$ $D_{v} \log\max\{|a_{0}|_{v}, \cdots, |a_{n}|_{v}\}$
$v\in M(K)$
$x\in K$ $h(x)=h((1, X)),$ $H(X)=\exp h(x)$
$h(x),$ $H(x)$ [Si]




3( $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{e}- \mathrm{s}*\mathrm{l}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{l}$-Roth )
$\alpha$ $K$ $d\geq 2$ $K$ $v\in M(K)$
$K(\alpha)$ – $v$ $\epsilon_{\text{ }}C$
$x\in K$
$| \alpha-x|_{v}<\frac{C}{H(x)^{D()}2+\zeta}$
$K=\mathrm{Q},$ $x=E$ ( $p,$ $q\in \mathrm{Z},$ $(p,$ $q)=1$ ) $H(x)= \max(|p|,$ $|$








$S$ $s=\# S$ $\alpha_{1},$ $\alpha_{2}\in K-\{0\}$
( $\in Us$ ) $\alpha_{1}X+\alpha_{2}\mathrm{Y}=1$
$X,$ $\mathrm{Y}\in U_{S}$ $\leq 3\cdot 7^{D+2s}$
3 $\cdot 7^{D+2s}$ $\alpha_{1},$ $\alpha_{2}$ ( Ev-
ertse 2 S-




$s-1$ $n\in \mathrm{Z}$ $U_{S}^{n}=\{u^{n}|u\in U_{S}\}\text{ }$
$U_{S}/U_{S}^{n}$ $m$ $m\leq n^{s}$ $X=b_{1}X^{n},$ $\mathrm{Y}=b_{2}y^{n}(x,$ $y\in$







$n$ $H( \frac{x}{y})\leq H(y)$ $\alpha_{1}b_{1}x^{n}+$
$\alpha_{2}b_{2}y^{n}=1$ 3 $\frac{x}{y}$






$\alpha_{1}X+\alpha_{2}\dot{Y}=1$ $X,$ $Y\in Us$ Baker
effective ( $C$ )
5 (Baker, 1970,).
$-$
$\alpha_{1},$ $\alpha_{2}\in K-\{0\}$ $K,$ $S,$ $\alpha_{1},$ $\alpha_{2}$ $C$
$\alpha_{1}X+\alpha_{2}Y=1$ $X,$ $Y\in Us$
$h(X)$ ( $h(\mathrm{Y})$ ) $\leq C$
3. 3 S-Unit equation Schmidt
5 $X,$ $Y\in U_{S}$




3 S-Unit equation $X_{1}+X_{2}+X_{3}=1$
$K=\mathrm{Q},$ $S=\{2, \infty\}$ $X_{3}=1,$ $X_{1}=-X_{2}=2^{n}(n\in \mathrm{Z})$
4
6 6 E. Dubois-G. Rhin $(1977)\text{ }\mathrm{H}.\mathrm{P}$ .





$\alpha_{1},$ $\cdots,$ $\alpha_{n}\in K-\{0\}$ $\alpha_{1}X_{1}+\cdots+\alpha_{n}X_{n}=1$
$\Sigma_{i\in I}\alpha_{i}X_{i}\neq 0$ foreach $I\subseteq\{1, \cdots, n\},$ $I\neq\phi$













$O_{K}$ $K$ $L_{i}(X, Y):=(Ax-A\alpha iY)(1\leq i\leq d)$
$O_{K}$ $m’:=Adm$ $m’$ $L_{i}(X, Y)$
$K-\{0\}$ $U_{R’}$ ( $O_{K}$ ) coset
$L_{i}(X, Y)(1\leq i\leq d)$ 2 –
$\beta_{1},$ $\beta_{2}\in K-\{0\}$
$\beta_{1}\frac{L_{1}(X,\mathrm{Y})}{L_{3}(X,\mathrm{Y})}+\beta 2^{\frac{L_{2}(X,Y)}{L_{3}(X,Y)}=1}\ldots\ldots(2)$
( $L_{i}(X, Y)$ 3 2 –
) $K-\{0\}$ $U_{R’}$
coset $\beta_{1}’,$ $\beta_{2}’-\in K\{0\}$
(2) $\beta_{1}’,$ $\beta_{2}’$
(2) 4
$\frac{L_{1}(X,\mathrm{Y})}{L_{3}(X,\mathrm{Y})}=u_{1},$ $\frac{L_{2}(X,Y)}{L_{3}(X,\mathrm{Y})}=u_{2}$ $u_{1},$ $u_{2}\in K$ $(u_{1},$ $u_{2}$





(1) 2 2 Unit equation
5 efffective
$S$-Unit equation Thue Decompos-
able form equations
[E-G] 3 S-Unit equation
Baker efffective
Decomposable form equations – effective
( Decomposable form equations effective
$\mathrm{S}.\mathrm{V}$. Kotov, K. $\mathrm{G}\mathrm{y}\acute{\acute{\mathrm{o}}}\mathrm{r}\mathrm{y}$ )

















$\overline{\mathrm{g}}\text{ }7$ (Schmidt, 1972 [Schm3] p.176)
$n\geq 2,$ $n\in \mathrm{Z}$ $X_{1},$ $\cdots,$ $X_{n}$ $K$ 1
1 $L_{1},$ $\cdots,$ $L_{n}$ X $=$ $(X_{1}, \cdots , X_{n})\in \mathrm{Z}^{n}$ $|\mathrm{X}|=$
$\sqrt{X_{1}^{2}++X_{n}^{2}}$ $\epsilon$
$|L_{1}(\mathrm{x})\cdots,$ $L_{n}( \mathrm{x})|<\frac{1}{|\mathrm{X}|^{\epsilon}}$
X $=(X_{1}, \cdots x_{n})\in \mathrm{z}n-\{\mathrm{o}\}-,$ proper linear subspaces
of $\mathrm{Q}^{n}$ $\mathrm{X}\in T_{1^{\cup\cdots\cup}}Tt,$ $t<\infty$
linear subspace $t$




4. Pade 1 $-$
3
4
8( $\mathrm{T}.\mathrm{N}$ . Shorey-R. $\mathrm{T}\mathrm{i}\mathrm{j}\mathrm{d}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}_{\text{ }}$ open)
$\frac{x^{m}-1}{x-1}=y^{q}\cdots\cdots(3)$
97
4 $x,$ $\mu,$ $m,$ $q\in \mathrm{Z},$ $x>1,$ $y>1,$ $m>2,$ $q>1$
3
(3)
$(x, y, m, q)=(3,11,5,\dot{2}),$ $(7,.20,4,2),$ $(18,7,3,3)$
8 1943
W. Ljunggren [Li] (3) $q=2$ $x=3,$ $y=11,$ $m–5_{\text{ }}$







4 $x,$ $y,$ $m,$ $q\in \mathrm{Z},$ $x>1,$ $y>1,$ $m>2,$ $q>1$
$x$ $x=z^{\mu},$ $z,$ $\mu\in \mathrm{Z},$ $z>1,$ $\mu>1$






1 $0$ (H-Shorey, 1997 [H-sh])
$\frac{x^{m}-1}{x-1}=y^{q}$
$\text{ }x,$ $y,$ $m,$ $q\in \mathrm{Z},$ $x>1,$ $y>1,$ $m>2,$ $q>1$ with $x=z^{\mu},$ $z,$ $\mu\in \mathrm{Z},$ $z>$
1, $\mu>1$ $q>2(\mu-1)(2\mu-3)$
$\max\{x, y, m, q\}$ $\mu$ efffective






[B1] 11 Yu V. Nesterenko
Shorey [Sh-N]
1 1 ([H-sh])
$A,$ $B,$ $K,$ $n$ $A>B,K<n,$ $n\geq 3,$ $\omega:=(B/A)^{1/n}\in \mathrm{R}-\mathrm{Q}$
$0<\phi<1$























$0<\phi<1$ $0<\lambda_{2}<1,$ $s>1,0<-\Lambda\leq s$ $m_{j}=j$
$(0\leq j\leq K)$ [B1] Lemma 4 Lemma 5
$r,p,$ $q$ ( $r>0,$ $q>0\text{ }P\neq q$ ) 4
$P_{r}(X)$ $\in \mathrm{Z}[X]$ : (i) $\deg P_{r}\leq K,$ $(\mathrm{i}\mathrm{i})$
$H(P_{r})$ $\leq l(r),$ $(\mathrm{i}\mathrm{i}\mathrm{i})P_{r}\neq 0,$ $(\mathrm{i}\mathrm{v})|P_{r}(\omega)|\leq\lambda_{2}^{r}$




$l(r)\leq C\lambda_{1}^{r}$ $r\geq 2$











9 $x=z^{\mu}$ $\max(x, y, m)$ $q$ $\mu$
efffectively computable number
11 $q$ bounded Baker
linear forms in logarithms
$\max(x, y, m)$
(cf. Lemma 2 $[\mathrm{H}- \mathrm{S}\mathrm{h}|$ , Shorey )
$y=y_{1}y_{2},$ $y1,$ $y_{2}\in \mathrm{z},$ $y1>1,$ $y2>1,$ $(y_{1}, y2)=1$
$(z-1)y1=z-qm1,$ $(z^{\mu-1}+\cdots+1)y_{2}=z-1+qm(\mu)\ldots+1$
$0<(.z^{\mu}-1++\cdots 1)y_{2}^{q}-(z-1)^{\mu-}1y_{1}^{(\mu-1)}q\leq\mu z^{m(\mu}-2)$
$0<| \omega-\frac{y_{2}}{y_{1}^{\mu-1}}|<\frac{2\mu z^{m(\mu}-2)}{z^{\mu-1}y^{q}1(\mu-1)}$ ...... (5)
$\omega=(\frac{(z-1)^{\mu-1}}{z^{\mu-1}+\cdots+1})1/q$
11 $A=z^{\mu-1}+\cdots+1,$ $B=(z-1)^{\mu 1}-,$ $n=q\geq 3$ ,
$K=2(\mu-2)<q,$ $\phi=\mu^{-4},$ $\delta=(\mu-1-(\phi/2))/(\mu-2),$ $s=\delta/(1-\emptyset)$ ,
$p=y_{2},$ $q=y_{1^{-}}^{\mu 1}$ 10 $q>2(\mu-1)(2\mu-3)$
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